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A superposition of spin helices can yield topological spin textures, such as skyrmion and hedgehog
lattices. We study the magnetic and topological properties of such superpositions from the view-
point of interference of waves — spin Moire´. We find that the manipulation of the Moire´ patterns
by the angles between the superposed helices and the net magnetization yields successive topo-
logical transitions associated with pair annihilation of hedgehogs and antihedgehogs. Accordingly,
emergent electromagnetic fields, monopoles and antimonopoles, and Dirac strings arising from the
noncoplanar spin textures show systematic evolution. We also show how the system undergoes
the topological transitions, in addition to magnetic transitions with dimensional reduction from
the three-dimensional hedgehog lattice to a quasi-two-dimensional skyrmion lattice or a quasi-one-
dimensional conical state. The results indicate that the spin Moire´ provides an efficient picture for
engineering the emergent electromagnetism and topological nature in magnets.
Introduction.—A superposition of waves generates in-
terference fringes called Moire´. As the Moire´ patterns
depend on, e.g., the periods, amplitudes, phases, and
propagating angles of the superposed waves, manipu-
lation of such parameters allows us to control the su-
perstructures for many applications, especially in opti-
cal phenomena [1, 2]. Recently, Moire´ patterns have at-
tracted renewed interests in condensed matter physics,
especially in atomic layer materials. There, the two-
dimensional array of atoms causes interferences in stack-
ing structures, and the resultant superlattices bring up
new length and energy scales. The highlight is twisted
graphenes, where the twist angle between different lay-
ers modulates the low-energy electronic state [3–6] and
drives emergent quantum phenomena such as supercon-
ductivity [7] and correlated insulators [8].
Similar Moire´ patterns are expected in magnetism for
a superposition of spin density waves. The typical ex-
amples are the so-called skyrmion lattice (SkL) [9, 10]
and hedgehog lattice (HL) [11–14]. Such spin Moire´s
would provide richer physics compared to the structural
ones in atomic layer materials. First of all, they have
larger degrees of freedom since the constituent waves are
vector fields, in contrast to the scalar ones for the den-
sity waves of atoms and charges. In addition, they are
not restricted to two dimensions; actually, the HL is a
three-dimensional (3D) Moire´. Furthermore, such spin
Moire´s generate emergent electromagnetic fields through
the Berry phase mechanism [15, 16], and some of them
are even topologically protected, as represented by the
skyrmions and hedgehogs. Despite these virtues, most
studies on these spin textures lack the viewpoint from the
Moire´ physics. Once one can control the interferences like
in optics, the spin Moire´s would bring a new perspective
on not only magnetism but also electronic, transport, and
optical properties associated with the topological nature
and the emergent electromagnetic fields.
In this Letter, we theoretically explore the Moire´
physics in a superposition of multiple spin helices. Taking
a 3D HL as an archetypal example, we study the system-
atic evolution of the magnetic and topological proper-
ties by tuning the Moire´ pattern through the angles be-
tween the helical directions and the net magnetization.
Tracking the real-space positions of hedgehogs and an-
tihedgehogs, we find that the Moire´ manipulation drives
successive topological transitions caused by their pair an-
nihilation. We show that the net emergent electromag-
netic field signals the topological changes; in particular,
the emergent magnetic field, which is directly related
with the topological Hall response, shows clear anoma-
lies, as it is given by the sum of the projections of Dirac
strings connecting the monopoles and antimonopoles.
We also demonstrate that, in addition to the topological
ones, the system undergoes magnetic phase transitions
with dimensional reduction from the 3D HL to a quasi-
two-dimensional SkL or a quasi-one-dimensional conical
state while increasing the net magnetization. Our results
would pave the way for engineering the emergent electro-
magnetism in magnetic materials from the viewpoint of
the Moire´ physics.
Spin Moire´.—We consider 3D spin Moire´ patterns gen-
erated by a superposition of three spin helices. Among
many possible controls of fringes, we here focus on the rel-
ative angles between the helical directions and the mag-
netization induced by an external magnetic field. The set
up is schematically shown in Fig. 1(a). The spin S(r) at
position r in continuous space is given by the superposi-
tion as
S(r) =
3∑
η=1
1√
3
(
e1η cosQη · r+ e2η sinQη · r
)
+mzˆ, (1)
where Qη denote the three helical wave vectors as Qη =
Qe0η with e
0
1 = (s, 0, c), e
0
2 = (− s2 ,
√
3
2 s, c), and e
0
3 =
(− s2 ,−
√
3
2 s, c) (s = sinΘ and c = cosΘ); e
0
η, e
1
η, and e
2
η
are orthogonal unit vectors satisfying e2η = e
0
η × e1η with
e11 = (−c, 0, s), e12 = ( c2 ,−
√
3
2 c, s), and e
1
3 = (
c
2 ,
√
3
2 c, s).
The last term in Eq. (1) is the uniform magnetization
along zˆ = (0, 0, 1). The magnetic unit cell (MUC) of this
spin texture is a rhombohedral one shown in the lower
panel of Fig. 1(a) whose translation vectors aη are defined
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FIG. 1. (a) Schematic of the superposition of three helices in Eq. (1). The lower panel represents the rhombohedral magnetic
unit cell. (b)-(i) Spin Moire´s for (b) Θ = pi
8
, (c) Θ = pi
4
, (d) Θ = pi
3
, and (e) Θ = 3pi
8
at m = 0, and (f) m = 0, (g) m = 0.4, (h)
m = 1.2, and (i) m = 1.6 at Θ = Θcubic = arccos(
1√
3
). The arrows represent the normalized spins n(r) = S(r)/|S(r)|, whose
color denotes the z component. The lower panels in (f)-(i) show the horizontal slices through the center of the magnetic unit
cell; see (f).
by aη ·Qη′ = 2piδη,η′ .
The superposition in Eq. (1) generates spin Moire´ pat-
terns depending on Θ and m. Figures 1(b)-1(e) show the
evolution while changing Θ at m = 0. In this case, the
MUC changes its shape and volume, together with the
modulation of the spin Moire´. Figures 1(f)-1(i) display
the cases while changing m at Θ = Θcubic = arccos(
1√
3
)
where the MUC is cubic. We also present the spin
patterns on the horizontal plane through the center of
the MUC in the lower panels. The plane comprises a
SkL; the skyrmion number is −1 per the two-dimensional
MUC [17]. While increasing m, the spin-up components
increase mainly on the verge of skyrmions, and eventu-
ally, the system turns into a topologically trivial state by
flipping spins at the cores [Fig. 1(i)].
Emergent electromagnetic field.—The spin structure in
Eq. (1) is called the HL as it has a periodic array of
the topological defects, hedgehogs and antihedgehogs.
The case with Θ = Θcubic represents the HL discov-
ered in the B20 compound MnGe [11, 12]. The hedge-
hogs and antihedgehogs are regarded as the magnetic
monopoles and antimonopoles, i.e., the sources and sinks
of the emergent magnetic field b(r) defined by bi(r) =
1
2ε
ijkn(r) · (∂jn(r) × ∂kn(r)), respectively, where εijk is
the Levi-Civita symbol and n(r) = S(r)/|S(r)| [17, 18].
The topological number called monopole charge is de-
fined by Qm =
1
4pi
∫
dS˜ ·b(r) integrated on a surface sur-
rounding the defect [18, 19]; Qm takes a positive (nega-
tive) integer for (anti)monopoles. The monopoles and an-
timonopoles are connected in pairs by the Dirac strings.
For the net magnetization parallel to zˆ, the Dirac strings
are defined by the lines on which the spins point down-
ward (−zˆ) [20]. The vorticity of each Dirac string is
given by ζ = 12pi
∫
dl ·∇φ(r) integrated on a closed path
around r on the string, where φ(r) is the azimuth angle of
n(r). In addition, we consider the emergent electric field
em(r)∂tm+e
Θ(r)∂tΘ by introducing time (t) dependence
in m and Θ, where eνi (r) = n(r) · (∂in(r)× ∂νn(r)) with
ν = m or Θ [17, 18].
Figure 2 illustrates the systematic evolution of the
emergent electromagnetic fields while increasing m at
Θ = Θcubic in Eq. (1) [see also Figs. 1(f)-1(i)]. Form = 0,
there are four pairs of monopoles with Qm = +1 and
antimonopoles with Qm = −1 connected by the Dirac
strings [Fig. 2(a)]. Note that three out of four lie across
the boundaries of the MUC. b(r) flows from monopoles
to antimonopoles. When increasing m, the monopole
and antimonopole pairs move toward each other along
the Dirac strings [Fig. 2(b)]. With further increase of m,
three pairs connected by the Dirac strings with ζ = −1
disappear with pair annihilation, leaving one pair con-
nected by the Dirac string with ζ = +1 [Fig. 2(c)]. Fi-
nally, the remaining pair annihilates, leaving remnants
of b(r) [Figs. 2(d) and 2(e)]. These pair annihilations
define topological transitions (see Fig. 3).
The corresponding results for em(r) are shown in
Figs. 2(f)-2(j) (eΘ(r) = 0 as Θ is fixed). As em(r)
and b(r) follows Faraday’s law [21], em(r) becomes large
where b(r) changes rapidly while increasingm. As a con-
sequence, em(r) appears along the flows of b(r) with a
swirling texture around them.
Moire´ engineering of emergent electromagnetism.—
The bulk properties of the system are affected by the
net values of the emergent electromagnetic fields inte-
grated over the MUC. For instance, the net emergent
magnetic field leads to the topological Hall effect [22, 23].
As the x and y components cancel out due to three-
fold rotational symmetry around the z axis, we calcu-
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FIG. 2. Monopoles and antimonopoles, emergent electromagnetic fields, and Dirac strings in the spin Moire´ while changing
m at Θ = Θcubic: (a)(f) m = 0, (b)(g) m = 0.24, (c)(h) m = 0.4, (d)(i) m = 1.2, and (e)(j) m = 1.6. The arrows in (a)-(e) and
(f)-(j) display the emergent magnetic and electric fields, b(r) and em(r), respectively. Only top 15% and 10% in lengths are
shown for b(r) and em(r), respectively, and the divergent lengths close to the monopoles and antimonopoles are normalized
appropriately for clarity. The colors of the arrows are guides for the z components. The magenta and cyan spheres are the
monopoles and antimonopoles, and the green and purple lines denote the Dirac strings connecting them with the vorticity
ζ = +1 and −1, respectively. The pale colors represent the objects in the neighboring magnetic unit cells. The insets in (d),
(e), (i), and (j) are the enlarged top views of the central part.
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FIG. 3. Contour plots of (a) −b¯z and (b) e¯z as functions
of m and sinΘ. The white lines denote the contours drawn
every (a) 0.05 and (b) 0.1. The number of monopole and
antimonopole pairs, Npair, is indicated in each region divided
by the gray lines. The blanks near sinΘ = 0 and 1 indicate the
regions where sufficient numerical precision is not guaranteed.
late the magnetic flux b¯z =
1
4piLz
∫
bz(r)dV and the elec-
tric voltage e¯z =
Lz
4piV
∫
[emz (r) + e
Θ
z (r)∂mΘ]dV , where
Lz = |a1 + a2 + a3| and the integrals are taken within
the MUC of volume V . We note that b¯z is given by the
sum of the projections of the Dirac strings [20, 24].
Figure 3 summarizes the values of −b¯z and e¯z while
changing m and sinΘ in Eq. (1). Note that eΘ is
omitted here by assuming the time dependence only in
m. There are three topologically-different phases distin-
guished by the number of monopole and antimonopole
pairs, Npair. As shown in Fig. 3(a), −b¯z rapidly in-
creases with m in the Npair = 4 region, while decreases
in the Npair = 1 region after showing a sharp cusp on
the boundary, and eventually vanishes in the Npair = 0
region. In the Npair = 1 region, we can show the rela-
tion b¯z = − 12 [1 − 2pi arcsin( m√3 sinΘ )] from the length of
the remaining Dirac string; hence, the phase boundary
from Npair = 1 to 0 is given by m =
√
3 sinΘ. On the
other hand, as shown in Fig. 3(b), e¯z is large near the
origin, and decreases while increasing m and Θ with a
ridge on the boundary between Npair = 4 and 1. Note
that e¯z remains nonzero even in the topologically trivial
state with Npair = 0, in contrast to b¯z.
Variational calculation.—In order to discuss how the
system undergoes the topological transitions in Fig. 3,
we need the energy functional in terms of m and Θ.
Here, following the previous studies [25, 26], we assume
the Ginzburg-Landau free energy to quartic order in the
magnetization, and optimize it with respect to Θ while
changing m as a mimic of applying an external magnetic
field [20]. We find a variety of modulations of the spin
Moire´ depending on the model parameters in the energy
functional. Figure 4 shows the representative two results
starting from the cubic configuration with Θ = Θcubic at
m = 0. In one case denoted by the blue lines, Θ gradually
increases with m and changes discontinuously to Θ = pi2
at m ≃ 1.054. As Qη become coplanar for Θ = pi2 , this is
a magnetic phase transition from the 3D HL to a quasi-
two-dimensional SkL. In this case, Npair changes from 4
to 1 at m ≃ 0.295 within the HL state, and from 1 to
4FIG. 4. (a) Optimized value of Θ by the variational cal-
culations while changing m. We show two cases: One with
(u, v) = (−2.0,−2.0) exhibits a transition to Θ = pi
2
(quasi-
two-dimensional SkL with coplanar Qη ⊥ zˆ), and the other
with (u, v) = (0.25, 2.0) to Θ = 0 (quasi-one-dimensional con-
ical state with Q ‖ zˆ). See Supplemental Material for the
parameters u and v [20]. Schematic figures of each spin state
are shown. Corresponding values of (b) Npair, (c) −b¯z, and
(d) e¯z.
0 at the magnetic transition to the SkL [Fig. 4(b)]. b¯z
jumps to a quantized value −1 in the SkL state, while
it vanishes for m ≥ √3 since the spin texture becomes
topologically trivial by flipping the core spins [Fig. 4(c)].
Meanwhile, e¯z vanishes at the transition to the SkL with
showing a negative δ-function anomaly [Fig. 4(d)] (note
that e¯z includes both e
m
z and e
Θ
z ). In the other case de-
noted by the red lines in Fig. 4, Θ decreases gradually
until the sudden drop to 0 at m ≃ 1.164. As all Qη over-
lap for Θ = 0, the HL changes to a quasi-one-dimensional
conical state specified by the single Q ‖ zˆ. In this case,
Npair changes from 4 to 1 at m ≃ 0.280 and from 1 to
0 at m ≃ 1.139 within the HL state; namely, the system
becomes topologically trivial before the transition to the
conical state. e¯z shows a small hump at m ≃ 1.1, which
is ascribed to the contribution from eΘz , and a positive
δ-function anomaly at the magnetic phase transition.
Discussion.—Our results predict the systematic evo-
lution of emergent electromagnetism and the topological
transitions in the spin Moire´. The emergent magnetic
flux b¯ manifests in the topological Hall effect as men-
tioned above; for instance, in the case denoted by the blue
lines in Fig. 4, the topological Hall conductivity is pre-
dicted to show a maximum at the topological transition
with Npair = 4 → 1 in the HL phase and be quantized
when entering into the SkL phase. Meanwhile, it is not
obvious how the emergent electric voltage e¯ is observed,
but it would be relevant to dynamical electric responses
to time-dependent modulation of the spin Moire´.
In the present study, we dealt with the spin Moire´ with
two parameters Θ and m, but one can extend the analy-
sis to other parameters, such as the periods, amplitudes,
phases, and the number of constituent helices. We note
that the phase degree of freedom was recently studied for
two-dimensional skyrmions [27]. Given many examples
in optics, these parameters give rise to further variety of
magnetic textures and quantum phases. This will be ef-
ficient and useful for designing the emergent electromag-
netism and the resultant electronic, transport and optical
properties. In this respect, it is an important future issue
to clarify the relation between the Moire´ tuning and the
microscopic parameters of the system.
Experimentally, the spin Moire´ could be modulated,
e.g., by an external magnetic field, pressure, and chem-
ical substitution. Interestingly, a modulation of Θ was
observed by changing the sample thickness in MnGe [28].
It would be intriguing to discuss the topological Hall ef-
fect [19, 29] and the large magneto-thermopower [30] in
the magnetic field from the viewpoint of the spin Moire´.
Conclusion.—We theoretically studied the emergent
electromagnetism by regarding the superposition of spin
helices as the spin Moire´. We found successive topological
transitions caused by pair annihilation of the monopoles
and antimonopoles, and predicted the systematic evolu-
tion of the emergent electromagnetic fields. Our results
lay the basis for efficient engineering of the emergent elec-
tromagnetism and topological nature through the manip-
ulation of the spin Moire´.
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I. DIRAC STRING AND EMERGENT
MAGNETIC FIELD
In this section, we show that the net emergent mag-
netic field is given by the sum of the projections of the
Dirac strings, by following the argument in Ref. [1].
A. Vector potential
Let us introduce the vector potential a(r) for the emer-
gent magnetic field as b(r) = ∇ × a(r). a(r) is gauge
dependent. We choose the representation
a(r) =
{
aS(r) =
(
1− cos θ(r))∇φ(r)
aN(r) = −(1 + cos θ(r))∇φ(r), (S1)
where n(r) = (sin θ(r) cosφ(r), sin θ(r) sin φ(r), cos θ(r)).
aS(r) and aN(r) have singularities at θ(r) = pi and 0,
respectively. To define b(r), we avoid singularities by
using aS(r) for 0 ≤ θ(r) ≤ pi − δ and aN(r) otherwise,
where δ is an infinitesimal. These two vector potentials
are connected with the gauge transformation aN(r) =
aS(r) − 2∇φ(r).
The singular points of the vector potentials form lines
in real space. In the present system with the magnetiza-
tion parallel to zˆ, the singularity of aS(r) where the spins
point downward defines the Dirac strings connecting the
monopoles and antimonopoles. The situation is exempli-
fied on the xz slice through the center of the magnetic
unit cell for Θ = Θcubic and m = 0 in Fig. S1(a); a pair of
monopole and antimonopole are connected by the Dirac
string composed of the down spins.
B. Emergent magnetic field
Using the vector potential in Eq. (S1), we can write
the net emergent magnetic field used in the main text as
b¯z =
1
4piLz
∫
dz
∫
S˜(z)
dS˜zˆ · (∇× a(r)), (S2)
where Lz = |a1+a2+a3| and the integral is taken within
the magnetic unit cell [see Fig. 1(a) in the main text].
The two-dimensional horizontal slice of the magnetic unit
cell, S˜(z), is divided into S˜S(z) and S˜N(z) correspond-
ing to the regions where a(r) is defined as aS(r) and
aN(r), respectively. See the schematic in Fig. S1(b). Us-
ing Stokes’ theorem under the periodic boundary condi-
(a) (b)
x
z
z
y
FIG. S1. (a) Spin configuration on the xz slice through
the center of the magnetic unit cell for Θ = Θcubic and m =
0. The Dirac string with the vorticity ζk(z) = 1 and the
associated monopole and antimonopole are also shown. (b)
Spin configuration on the xy slice through the center of the
magnetic unit cell. The pink and blue areas denote S˜N(z) and
S˜S(z) comprising S˜(z) in Eq. (S2). We take δ = arccos(0.9)
for better visibility. The closed paths encircling the areas
represent ∂S˜N(z) and ∂S˜S(z) in Eq. (S3).
tions, we obtain
b¯z =
1
4piLz
∫
dz
[∮
∂S˜S(z)
dl · aS(r)
+
∮
∂S˜N(z)
dl · aN(r)
]
(S3)
= − 1
Lz
∑
k
∫
dzζk(z), (S4)
where k labels the Dirac strings and ζk(z) is the vorticity
of the kth Dirac string. See Fig. S1(b) for the integrals
in Eq. (S3).
In the present system, the vorticity takes ζk(z) = ±1,
as discussed in the main text. Thus, we can rewrite
Eq. (S4) into
b¯z = − 1
Lz
∑
k
(
R+k −R−k
) · zˆ, (S5)
where R+k −R−k denotes the relative coordinate between
the monopole and antimonopole connected by the kth
Dirac string. Equation (S5) shows that b¯z is given by
the sum of the projections of the Dirac strings onto the
z axis.
2II. DETAILS OF VARIATIONAL
CALCULATIONS
In this section, we present the explicit form of the en-
ergy functional used in the variational calculations in the
main text. We also show the variational energy for the
spin Moire´ in Eq. (1) in the main text and the compari-
son between different states to determine the variational
ground state in Fig. 4 in the main text. We follow the cal-
culations in Refs. [2, 3] and modify them for the present
purpose.
A. Energy functional
Following the previous studies [2, 3], we consider the
energy functional given by F = F2 + F4 with
F2 =
∑
q
[
(r0 + Jq
2)|Sq|2 + i2Dq · (Sq × S−q)
]
, (S6)
F4 =
∑
q1,q2,q3,q4
U(q1,q2,q3)(Sq1 · Sq2)(Sq3 · Sq4)
δq1+q2+q3+q4,0, (S7)
where Sq =
1
V
∫
d3rS(r)e−iq·r (V is the volume of the
magnetic unit cell). F2 denotes the second-order inter-
actions in terms of Sq: r0, J , and D represent the co-
efficients of the bilinear, Heisenberg, and Dzyaloshinskii-
Moriya interactions, respectively, and q = |q|. In the
present calculation, we take J > 0 and D > 0; the
Dzyaloshinskii-Moriya vector is assumed to be parallel
to q so that it prefers a proper screw spin structure. F4
represents the fourth-order interaction with the coupling
constant U(q1,q2,q3); δq,q′ is the Kronecker delta to
satisfy the momentum conservation. Assuming that F2 is
the leading term with r0−Jq˜2 < 0 where |q| = D/J ≡ q˜,
the system prefers a spin helix with wave number q˜. The
subleading F4 tends to stabilize a noncollinear or non-
coplanar spin texture composed of a superposition of the
spin helices. In the following calculations, we take into
account the spin structures represented by superpositions
of the helices with q˜ and the uniform q = 0 component.
Expanding U(q1,q2,q3) around |q| = q˜ by two param-
eters α = 12 arccos(qˆ1 · qˆ2) and β = 2 arccos[(qˆ2 − qˆ1) ·
qˆ3/(1 − qˆ1 · qˆ2)] where qˆ = q/|q|, we assume the form
of [2, 3]
U(α, β) = U0 + U11 sinα cosβ
+ U20(3 cos
2 α− 1) + U22 sin2 α cos 2β. (S8)
The first term U0 includes the contributions from several
types of quartic interactions, but here, we assume that it
is dominated by 〈W (S(r) · S(r))2〉 for simplicity, where
〈· · ·〉 indicates sample averaging; namely, we take U0 =
W . In the following calculations, we leave U11 and U22
as parameters, and set U20 = 0. In addition, following
the previous studies [2, 3], we take into account U(0, 0, 0),
U(q,−q, 0), and U(q, 0, 0), and adopt the approximation
U(0, 0, 0) ≈ U(q,−q, 0) ≈ U(α = pi/2, β = 0) = U0 +
U11 + U22 ≡ Us.
Thus, by takingW as the energy unit, the energy func-
tional has three independent parameters, U11, U22, and
U(q, 0, 0), which are parametrized as
t =
U11
W
, u =
U22
W
, v =
U(q, 0, 0)
W
. (S9)
The parameters r0, J , and D in Eq. (S6) are irrelevant,
since the corresponding energy does not depend on the
different spin textures considered here, as shown below.
B. Hedgehog lattice
First, we calculate the energy for the HL given by
Eq. (1) in the main text with 0 < Θ < pi2 . The energy is
obtained as
FHL =
∑
η
[f2(Qη) + fs(Qη)] +
∑
η<η′
fp(Qη,Qη′)
+ f (1)m (m) +
∑
η
f (2)m (Qη,m), (S10)
where η and η′ label the three ordering vectors shown in
Eq. (1) in the main text. Each term is defined as
f2(Qη) =
(
r0 − Jq˜2
) |ψQη |2, (S11)
fs(Qη) = Us|ψQη |4, (S12)
fp(Qη,Qη′) = 2Vp (αηη′) |ψQη |2|ψQη′ |2, (S13)
f (1)m (m) = r0m
2 + Usm
4, (S14)
f (2)m (Qη,m) = 2[Usm
2 + U(Qη, 0, 0)m
2
⊥,η]|ψQη |2,
(S15)
where
ψQη =
√
2|SQη |, (S16)
Vp(α) = U
(pi
2
, 4α
)
+ sin4 αU(α, 0)
+ cos4 αU
(pi
2
− α, 0
)
, (S17)
2αηη′ = arccos(Qˆη · Qˆη′), (S18)
m⊥,η = m[zˆ− (zˆ · Qˆη)Qˆη]. (S19)
In this case, the relations |ψQη | = 1√3 and sinΘ =
2√
3
sinαηη′ hold, where 0 < αηη′ <
pi
3 .
C. Skyrmion lattice
Next, we calculate the energy for the SkL realized in
Eq. (1) in the main text for Θ = pi2 . In this state,
the energy depends on the relative phases between the
constituent helices, as Qη are not linearly independent.
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FIG. S2. FHL − F1Q (solid lines) and FSkL − F1Q (dashed
lines) for (a) (u, v) = (−2.0,−2.0) and (b) (u, v) = (0.25, 2.0).
The results are for t = 3.0.
Thus, we need to extend Eq. (1) in the main text by re-
placing Qη · r with Qη · r + ϕη, where ϕη denotes the
phase shift for the Qη component. For this state, there
is an additional energy contribution from the quartic in-
teraction 〈W (S(r) · S(r))2〉, which is given by
ft = 9Wm|ψQ1 ||ψQ2 ||ψQ3 | cos
∑
η
ϕη. (S20)
Thus, the energy of the SkL is given as
FSkL = FHL + ft. (S21)
The energy optimization gives
∑
η ϕη = (2n+1)pi, where
n is an integer.
D. Conical state
Finally, we calculate the energy for the conical state in
Eq. (1) in the main text with Θ = 0, where all three Qη
merge into one. The spin texture is given by
S(r) = e11 cosQ1 · r+ e21 sinQ1 · r, (S22)
where Q1 ‖ zˆ. For this state, the energy is given by
F1Q = f2(Q1) + fs(Q1) + f
(1)
m (m) + f
(2)
m (Q1,m). (S23)
E. Variational energy
Comparing the energies in Eqs. (S10), (S21), and
(S23), we determine the variational ground state. The
results for (t, u, v) = (3.0,−2.0,−2.0), and (t, u, v) =
(3.0, 0.25, 2.0) are discussed in the main text. The energy
comparison corresponding to Fig. 4 in the main text is
shown in Fig. S2.
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